Chapter 2: Continuity and limit of the
function
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Neighbourhood of a point

Notation: Va € R Ve > 0 we denote
m O.(a) = (a—¢,a+ ¢) e-neighbourhood of a point a
Of(a) = [a,a+ ¢) right e-neighbourhood
OZ(a) = (a— ¢, a] left e-neighbourhood
m P.(a) = O.(a)\{a} punctured e-neighbourhood of a point a
PF(a) = (a,a+ ¢) punctured right e-neighbourhood
P_(a) = (a— ¢, a)punctured left e-neighbourhood

mx—>a x"tendsto"a
X takes values arbitrarily close to a

X—at, X —a—, X — 400, X - —00
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Continuity of a function (1)

Definition: Consider a function f defined in a neighbourhood of
a. We say that f is continuous at point a € D(f) if

VO.(f(a)) 30s(a) :  f(Os(a)) C O:(f(a)).
Equivalently:

Ve>030>0: |x—al<d=|f(x)—f(a)l <e.

Definition: We say that f is continuous on an open interval
(a, b) if it is continuous at each point of (a, b).
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Continuity of a function (2)

Definition: We say that a function f is continuous from the right
(right-hand side continuous) /continuous from the left (left-hand
side continuous) at point a € D(f) if

YO.(f(a)) 30f (a) :  f(OF () C O(f(a))

YO.(f(a)) 305 (a) 1 f(O5 (a)) € OL(f(a))

Definition: We say that a function f is continuous on a closed
interval [a, b] if it is

m continuous at each point of (a, b),

m continuous from the right at point a,

m continuous from the left at point b.
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Continuity of a function (3)

Theorem: Let f and g be functions continuous at point a. Then
functions |f|, f + g, f - g are continuous at point a. Furthermore
if g(a) # 0 then é is continuous at point a.

Theorem: If
m function y = f(x) is continuous at point x = a,
m function z = g(y) is continuous at point y = f(a),
then a composition h(x) = g(f(x)) is continuous at point x = a.
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Limits of functions

Definition: Let f : D(f) — R be defined in some neighbourhood
P(a) C D(f). We say that function f has limit A € R at point a
(denote lim f(x) = A) if
X—a
VO.(A) IPs(a) :  f(Ps(a)) C O(A)

or equivalently

Ve>030>0: O0<|x—ag <do=|f(x)—Al<e

Theorem: Function f has at most one limit at point a.

Remark: We are interested in small  (i.e. close to zero).
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Calculation of the limits (1)

Theorem: Function f is continuous at point a if and only if
)I(iLna f(x) = f(a).

Theorem: Let f: D(f) - R, g: D(g) = R, a< R.

IP(a): (YxeP(a): f(x)=g(x)) = lim f(x) = lim g(x)

X—a X—a

Squeeze theorem (Sandwich theorem):
Let the following two conditions hold:

m Vx € P(a): g(x) < f(x) < h(x)
= im,g(x) = fim, (1)

then there exists )I(an‘sz f(x) and is equal to )|(IE1a a(x).
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Calculation of the limits (2)

Theorem: Let lim f(x) = Aand lim g(x) = B, where A, B € R.
X—a X—a

It holds:
() lim (f(x) £ g(x)) = lim f(x) + lim g(x) = A+ B
(if) )I(iLna(f(x)cdotg(x)) = lim f(x). lim g(x) = A.B

(iii) if B # 0 then XliLna;((’;)) = (lim 7(x))/(lim g(x)) = g

Theorem (composition of functions): Let )I(ima g(x) =Aand
—
let the function f be continuous at point A. Then

lim f(g(x)) = f(A).

X—a

Remark:

lim [£(x)]9) = lim e9()f(x)
x—a x—a
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One sided limits

Definition: Let function f : D(f) — R be defined on some
P*(a) C D(f). We say that f has right-hand limit A € R at point
a (symbolically Iin‘;+ f(x) = A) if

X—

VO.(A)3Pi(a): f(Pf(a)) C O(A)

Definition: Let function f : D(f) — R be defined on some
P~(a) C D(f). We say that f has left-hand limit A € R at point a
(symbolically Xirg_ f(x) = A)if

VO.(A) IP5 (a): f(Ps(a)) C O(A)

Theorem: lim f(x) exists if and only if
X—a

Iimx_>a+ f(X) == Iimx_>a_ f(X).
Then

)I(ILna fx) = len;+ F(x) = lerQ— F(x).
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Theorems for limits hold also for one-sided limits:
(i) fhas at point a at most one left- and right-hand limit

(i) fis left-hand (right-hand) side continuous at point a if and
only if Xlin;i f(x) = f(a)
—

. + i — i
(i) f(x) =g(x) for x € P*(a) = Xll[gi f(x) = XI_|>n;i a(x)
(iv) The squeeze theorem:

Vx e PE(a): g(x) < f(X) <h(X) _ |im f(x) = m g(x)
Iim g(x) = Iimi h(x) x—at x—at

v) nm(<) g(x) = lim f(x)& lim g(x)
x)

(vi) lim

= ( fim_f(x))/( lim_g(x))if lim g(x)#0

x—at g(X)
. xI—|>n;:tg() A ;
M) i £is right-(left-)hand side conti- — x ae 1(9X)) = 7(4)

nuous at point A
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Improper limits

Let
lim f(x) = L.

X—a

Points +o0o are called improper points. A point a € R is called
proper point.

I. If a, L € R then L is a proper limit at proper point

II. If ae R, L =+octhen Lis aimproper limit at proper point

[ll. If a= +o0o L € R then Lis a proper limit at improper point

IV. If a= +o0, L = +00 then L is a improper limit at improper

point

Case |. was discussed at previous section. Now we focused on
cases ., lll. a IV.
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Improper Limits Il.

Definition: Let f(x) be defined on some P(a) then
(i) )I(ana f(x) = if
Vv K >0 3Ps(a) suchthat V x € Ps(a) is f(x) > K,

(i) fim f(x) = —oc f

VL <0 3Ps(a) suchthat V x € Ps(a) is f(x) < L.

Remark: Using P; (a) or P; (a) instead of Ps(a) we obtain
one-hand improper limits at proper point:

0 Jm 100 =00 im /() =0
(i) Xin;L f(x) = —o0 Xin;_ f(x) = —oc0
Theorem:
0 Jmf=co & m fx)= lm () =oco
(i) limf(x)=-0c0 <« lim f(x)= lim f(x) = —o0

X—a X—a+ X—a—
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Theorem:
(i) Let )!Ig’la f(x) = oo and )!anag(x) = oo then

lim f(x) + g(x) =00 Jim f(x) - g(x) = 0.

X—a
(i) Let )|(Ig’la f(x) = —oo0 and )I(anag(x) = —oo then

lim f(x) + g(x) = —© lim f(x)-g(x) = co.

X—a X—a

(iii) Let )|(I£>na f(x) = o0 and )I(iLnag(x) = —oo then
lim f(x) - g(x) = —oc0

X—a

(iv) Let )I(@a f(x)=AcR, A>0and )I(anag(x) = +o0 then

)I(iLna f(x)-9(x) = £o0.

(v) Let lim f(x)=A€R and )I(imag(x) = to00 then
—

X—a
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Theorem: Let function f be bounded on some P(a) then it
holds "

. . o . f(x o

(i) If )!@a g(x) = oo then )I(lma F63) 0.

(i) If )!@a g(x) = 0 then )!@a f(x)g(x) =0.

Theorem: Let |lim f(x) =A >0 and lim g(x) =0 then
X—a X—a
(i) If g(x) > 0on P(a) then

f(x)

Mgt~ T
(i) If g(x) < 0on P(a)then

lim @ = —0

X—a g(x)

(iii) If function g(x) takes on each neighbourhood P(a) positive
and negative values then
f(x)

lim —=% does not exist.
x—a g(X)
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Improper Limits Ill.

Definition: Consider f such that (xg, c0) C D(f)

((—o0, Xp) C D(f), respectively). xo can be infinite.

We say that f has limit L (Lp, respectively) at improper point co
(—o0) and write

lim £(x) = Ly (X lim£(x) = L2>

V O:(L1) 3 x4 > 0 suchthatV x > xq is f(x) € O:(Ly)

(V O-(L2) 3 x2 < 0 suchthatV x < xz is f(x) € O(L2))
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Improper Limits Ill. (2)

Squeeze theorem (Sandwich theorem):
Suppose:
m VX € (a00): g(x) < f(x) < h(x)
| XI|_>mOO (x) = XI|_>mOO h(x)
then there exists XI|_>moO f(x) and is equal to XI|_>moo ag(x).
Theorem: Let |lim f(x)=Aand lim g(x)= B, where
X—=+00 X—+oo
A, B € R. Then:

() Jim (f(x) £g(x)) = lim f(x)+ lim g(x)=A+B
Jm 109+ I (0 = A-B

N . f(x) lime1of(x) A
(iii) if B # 0 then xﬂToo 9~ imyigx) B

(i) lim_(f(x)- g(x)) =
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Improper Limits IV.

Definition: Consider f such that (xp, o0) C D(f)
(=00, Xg) C D(f), respectively). xo can be infinite.
(i) We say that function f has limit L = oo at improper point co
and write XILm f(x) = ocoif

VK>03x; >0 suchthatV x > xqis f(x) > K.
(i) We say that function f has limit L = —oc at improper point

oo and write lim f(x) = —oc if
X—00

VL<03xy >0 suchthatV x > xyis f(x) < L.
(i) We say that function f has limit L = oo at improper point
—oo and write lim  f(x) = oo if
X——00
VK>03x2 <0 suchthatV x < xp is f(x) > K.
(iv) We say that function f has limit L = —oc at improper point

—oo and write  [im f(x) = —occ if
X—r—00

VL<03xp <0 suchthatV x < xpis f(x) < L.
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Theorem:

(i) Let Xﬂrgoo f(x) = oo and Xﬂrl]m g(x) = oo then
im f(x)+g(x)=co lim £(x)-g(x) = 0.

(i) Let Xﬂrinoo f(x) = —oco and xﬂToo g(x) = —oco then
lim f(x)+g(x) = —00 _lm_f(x)-g(x) = co.

(ifi) Let Xﬂr:}joo f(x) = o0 and Xﬂ)rjrgoog(x) = —oo then

fim () - g(x) = —o<

(iv) Let lim f(x)=AeR,A>0and lim g(x)=+oco,
X—=+o00

X—ZFo00

lim f(x) - g(x) = +o0.

X—a

(v) Let Iim f(x)=AecR and XETOOQ(X) = +oo then

X—*+o0o

lim m =0.
x—4o0 g(X) o



Improper Limits IV. (2)

Theorem: Let function f be bounded on some (xp, oc) or
(—o0, Xo), respectively. Then

(i) if Xgr:goo 9(x) = +oo then XETOO 90 = 0

(i) if xﬂToo g(x) = 0then ; (x)g(x)=0

lim f
—*+oo

Theorem: Let Ilim f(x)=A>0 and xﬂT g(x) =0 thenit

X—+oo
holds:
(i) if g(x) > 0on (a ) or (—c0, a) then
fx) _
PLdL g(x)

(i) if g(x) < 0on (a,o0) or (—oc, a) then

, f(x) B
Amogm T
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Limit of a sequence

Definition: For all n € IN define a, € R. We say that
ay, ag, as, ...

create a sequence of real numbers. Number a, is called n—th
term, nis index of number a,. A sequence is briefly denoted

{an}p2+-
Remark: A sequence is a function defined on a subset of
natural numbers IN (or more generally integer numbers Z.):

ap=f(n), f:IN—-R.
Arithmetic sequence:
apn=ar+(n—1)d,

where d € R is a common difference.
Geometric sequence:

an=a1-q",

where g € R is a common ratio (or quotient).
20/24



Limit of a sequence (2)

Definition: We say that a sequence {a,}> ; has a limit
mAcRIf

VO:(A) Ing € N suchthatVn > ngis a, € O-(A).
BA=dtxif
VK >03dnyg € NsuchthatVvn>ngis ap, > K,

VL<03dngeNsuchthatvn>ngisan<L.

A sequence {an}>° ; is called convergent, if it has a proper limit
AcR.

A sequence {an}?° , is called divergent otherwise (A = oo or
does not exist).
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Limit of a sequence (3)

Definition: Consider a sequence {an}?° ,
(i) fYneNis

an < ap.1 (resp.an<api)

we say that a sequence is increasing (non-decreasing,
resp.).

(i) fYneNis

an>anp.1 (resp.an>ani1)

we say that a sequence is decreasing (non-increasing,
resp.).

Theorem:

m A decreasing or non-increasing sequence is bounded
above.

m A increasing or non-decreasing sequence is bounded
below.
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Corollary: A monotone sequence has always limit. If it is
bounded then the limit is proper.
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Euler's number

One can prove that there exists a limit of the sequence

1 n
lim <1+> .
n—o00 n
1 n
e = lim (1+> .
n—oo n

Number e is called Euler's number. This number is irrational.

Definition: Denote
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