Linear differential equations of 1% and 2"
order with constant coefficients

and "special"right hand side
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LDE of the 2™ order

Moreover, the number of linearly independent solutions to the
HLDE (the number of integration constants) is equal to the
order of the equation (=2).




Structure of the solutions of LDEs

The general approach the same as of the LDE of the first order:
Step 1 Determine all solutions yy of the corresponding HLDE

ko-y"(X)+ ki -y'(x) +hka-y(x)=0

Step 2 Determine one arbitrary solution y, to the original
equation

ko - y"(X) + ki - y'(x) + ko - y(x) = b(x)
Step 3 all solutions ... yn(x, Cy, C2) = yH(x, Ct, C2) + Yp(X).
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Step 1 - General solution to the corresponding HLDE

ko-y"(x)+ki-y'(x)+ke-y(x)=0
l
characteristic equation: kg A\ + ki A+ ky =0

Find the roots A1 > of this quadratic equation.
Consider the three possibilities:

BD>0 M#MER = yy(x) = CieMX + Coet2X,
BD=0M=X=)XcR = yy(x)=Cie™ + Coxe,
mD<0,Np=a+ibeC

= YH(x) = C1e® cos(bx) + Coe® sin(bx),

(in all cases x € R, Cy,Cs € R)
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Step 2 - the method of undetermined coefficients

The method is applicable for 15t and 2" order linear differential
equations with

m constant coefficients

and
m "special" right-hand side
m has so called finite family of derivatives

Example 1: y" + 2y’ — y = x?
Example 2: y’ + 2y =sinx
Example 3: y" + y' = x
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For equation
ay"+ary +ayy =e**(P(x) sin(8x) + Q(x) cos(8 X))

there exists a solution yj, of this NLDE in the form

Yp(X) = xKe®X(R(x) sin(8 x) + S(x) cos(8 X)), where
m k € {0,1,2} is the multiplicity of « + i3 as a root of

characteristic equation, id est
k=0, if « -+ i8is not a root of characteristic equation
k=1, if «a+igis a single root of characteristic equation
k=2, if «—+ i3 is double root of the characteristic

m R, S - polynomials of degree at most max{dg. P,dg. Q}

Thus, we guess roughly the form of y,. The coefficients of
polynomials R, S need to be determined so that y, is a solution
to NLDE.

Step 3  General solution to NLDE:
y(X) = yH(X) + ¥p(x)
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