Integral calculus



Antiderivative

Remark: We cannot expect uniqueness. If F is antiderivative of
fon land G(x) = F(x) + C for x € I, where C is constant, then
G is also primitive of f on /.



Existence of antiderivative.




Definite integral

Important:
definite integral = number (increment of anitiderivative)
indefinite integral = (primitive) function, antiderivative



Table of antiderivatives

[x"dx =X nemr, n# -1, [dx = x
[ Ldx=In|x|
[ sinxdx = —cos x

J cosxdx = sinx

[a‘dx = & a>0,a#1
e = arctg x

[ \/:’Xj = arcsin x
0032x =1gx

[ =% = —cotg x

sm X

T8 =1Inf(x)



Properties of integral

Watch out!
There is NO UNIVERSAL FORMULA for / (f(x) . g(x)) dx.



Integration by substitution

Substitution method

Remark: t = ¢(x) is the substitution, differential of this function
is equal dt = ¢'(x)dx.

Proof: Follows from differentiation of a composed function.
Examples:

sin x X
dx, 3x=5qx, / - dx
/ cos2 x / © X2 1




Integration by parts

Integration by parts.

Proof: Follows from differentiation of a product.



Usage of integration by parts
product of polynomial and sin, cos or exponential e.g..

/x'sinxdx, /x3~e2de, /(X+3)-2de

(we differentiate the polynomial)

product of polynomial (or x~") and inverse trigonometric or
logarithmic function, or their powers e.g.

/arcsinxdx, /x2 -Inx dx, /(Iog x)2dx

(we integrate the polynomial)
product of trigonometric and exponential function e.g.

/ezx‘sinxdx, /2X-0053xdx

(leads to an equation)



Rational functions.

(Use the long division of polynomials.)

Remark: We know how to integrate polynomial. We aim at
integrating proper rational function.

We will write a proper rational function as a sum of so-called
partial fractions (functions which can be integrated by previous
methods) .



Integration of rational functions

prevod rac. lomené funkce na soucet polynomu a ryze
lomené funkce (délenim polynoma)

rozklad jmenovatele na soucin kofenovych Cinitelt

rozklad ryze lomené racionalni funkce na soucet
tzv. parcialnich zlomku

integrace parcialnich zlomku



Rozklad polynomu na kofenové Cinitele

Our aim = polynomial factorization
P(X) = aan + a,,_1x”‘1 +--+a1X+a =
=ap(X—aq)(X—ag) - (X—ak) (X2+p1 X+q1) - (X2+pe X+ Q)

m o are all roots of P(x)

m (x2 + p; x + gj) do not have real roots, i.e. D; < 0.
(X2 +pjx + g) = (x — aq)(x — a2), where a4 o are complex
roots of x% + pj x + g;.



Polynomial factorization (2)

Note: If «is a is a root of P(x) of multiplicity kK <

P(a) =0, P'(a)=0,...,P"(a) = 0a PX(a) #£0.



Rozklad polynomu na korenové Cinitele (3)




Partial fractions decomposition.

Factorize the polynomial in denominator.

If a linear factor (ax + b) appears in the factorization, then
in the partial fraction decomposition appears

LA
(ax+b)

where A is some real constant.

If aterm (ax + b)k, k =2,3,..., appears in the
factorization, then in the partial fraction decomposition
appears

Aq Az Ak

T axab) T@axtbE T axabk

with Aq, Ao, ..., Ax some suitable constants.



Partial fractions decomposition.

If (ax? + bx + ¢) (with D < 0) appears in the factorization,
then in the partial fraction decomposition appears

Ax+B n
(ax2+bx+c)

where A, B are some suitable constants.



Integration of partial fractions

K f ax+b dx = 2'” lax + bl (substitution t = ax + b)
Y N B I -
B/ ax+b)k dx = atk—1) (ax i) (substitution t =ax +b)
Ax+B _ Aq(2ax+b)
| @b ™ _fdeJrfmdx

ad (3) A, By are new constants. For the first integral the
substitution t = ax® + b x + ¢, can be used note that
dt = (2ax + b)dx. The second one leads to arctg .



