
10. série

2. př́ıklad

x4+y4+z4+x−y−z = 0, (x0, y0, z0) = (−1, 1, 1), z = f(x, y),
∂2f

∂x∂y
(−1, 1) =?

Označme
F (x, y) = x4 + y4 + z4 + x− y − z.

• F ∈ C2(R3) ✓

• F (−1, 1, 1) = 1 + 1 + 1− 1− 1− 1 = 0 ✓

•
∂F

∂z
(x, y, z) = 4z3 − 1 ⇒ ∂F

∂z
(−1, 1, 1) = 3 ̸= 0 ✓

Podle Věty o implicitńı funkci tedy rovnice definuje na okoĺı bodu
(−1, 1, 1) spojitou funkci z = f(x, y).

I. metoda derivováńı

∂F

∂x
(x, y, z) = 4x3 + 1, ⇒

∂F

∂x
(−1, 1, 1) = −4 + 1 = −3

∂F

∂y
(x, y, z) = 4y3 − 1, ⇒

∂F

∂y
(−1, 1, 1) = 4− 1 = 3

∂F

∂z
(x, y, z) = 4z3 − 1, ⇒

∂F

∂z
(−1, 1, 1) = 4− 1 = 3

∂f

∂x
(x, y) = −

∂F

∂x

(
x, y, f(x, y)

)
∂F

∂z

(
x, y, f(x, y)

) = − 4x3 + 1

4
(
f(x, y)

)3 − 1
, ⇒

∂f

∂x
(−1, 1) = −−3

3
= 1

∂f

∂y
(x, y) = −

∂F

∂y

(
x, y, f(x, y)

)
∂F

∂z

(
x, y, f(x, y)

) = − 4y3 − 1

4
(
f(x, y)

)3 − 1
, ⇒

∂f

∂y
(−1, 1) = −3

3
= −1

∂2f

∂x∂y
(x, y) =

∂

∂y

(
− 4x3 + 1

4
(
f(x, y)

)3 − 1

)
= −

−(4x3 + 1)12
(
f(x, y)

)2∂f
∂y

(x, y)(
4
(
f(x, y)

)3 − 1
)2

⇒
∂2f

∂x∂y
(−1, 1) =

(−3) · 12 · (−1)

32
= 4



II. metoda derivováńı (znač́ıme z′x =
∂f

∂x
, A = (−1, 1) atp.)

x4 + y4 + z4 + x− y − z = 0

4x3 + 4z3z′x + 1− z′x = 0 ⇒ −4 + 4z′x(A) + 1− z′x(A) = 0

+ 3z′x(A)− 3 = 0,
∂f

∂x
(−1, 1) = 1

4y3 + 4z3z′y − 1− z′y = 0 ⇒ 4 + 4z′y(A)− 1− z′y(A) = 0

+ 3z′y(A) + 3 = 0,
∂f

∂y
(−1, 1) = −1

12z2z′yz
′
x + 4z3z′′xy − z′′xy = 0 ⇒ −12 + 4z′′xy(A)− z′′xy(A) = 0

− 12 + 3z′′xy(A) = 0,
∂2f

∂x∂y
(−1, 1) = 4

3. př́ıklad

u = w + arctg
v

w + u
, (u0, v0, w0) = (1, 0, 1), u = g(v, w), g(0.01, 0.98)

.
= ?

Označme F (u, v, w) = u− w − arctg v
w+u

• DF = {(u, v, w) ∈ R3, w ̸= −u}, F ∈ C1(DF ) ✓

• F (1, 0, 1) = 1− 1− 0 = 0 ✓

•
∂F

∂u
(u, v, w) = 1− 1

1 +
(

v
w+u

)2 −v

(w + u)2
⇒ ∂F

∂u
(1, 0, 1) = 1 ̸= 0 ✓

Podle Věty o implicitńı funkci tedy rovnice definuje na okoĺı bodu
(1, 0, 1) spojitou funkci u = g(v, w).

Pro derivace vytvořuj́ıćı funkce F (u, v, w) = u− w − arctg v
w+u

máme

∂F

∂u
(u, v, w) = 1− 1

1 +
(

v
w+u

)2 −v

(w + u)2
, ⇒ ∂F

∂u
(1, 0, 1) = 1

∂F

∂v
(u, v, w) = − 1

1 +
(

v
w+u

)2 1

(w + u)
⇒ ∂F

∂v
(1, 0, 1) = −1

2

∂F

∂w
(u, v, w) = − 1− 1

1 +
(

v
w+u

)2 −v

(w + u)2
⇒ ∂F

∂w
(1, 0, 1) = −1



Pro derivace implicitně zadané funkce g tedy

∂g

∂v
(0, 1) =−

∂F

∂v
(1, 0, 1)

∂F

∂u
(1, 0, 1)

= −
−1

2

1
=

1

2

∂g

∂w
(0, 1) =−

∂F

∂w
(1, 0, 1)

∂F

∂u
(1, 0, 1)

= −−1

1
= 1,

odkud

dg(0, 1, dv, dw) =
1

2
dv + dw

a

g(0.01, 0.98)
.
= g(0, 1)+dg(0, 1; 0.01,−0.02) = 1+

0.01

2
−0.02 = 1+0.005−0.02 = 0.985.

Výše spočtené derivace lze spoč́ıst samozřejmě i parciálńım derivováńım definuj́ıćı
rovnice

g(v, w) = w + arctg
v

w + g(v, w)

∂g

∂v
(v, w) =

1

1 +
(

v
w+g(v,w)

)2 ·
w + g(v, w)− v ∂g

∂v
(v, w)

(w + g(v, w))2

⇒ ∂g

∂v
(0, 1) = 1 · 2− 0

22
=

1

2

∂g

∂w
(v, w) = 1 +

1

1 +
(

v
w+g(v,w)

)2 ·
−v

(
1 + ∂g

∂w
(v, w)

)
(w + g(v, w))2

⇒ ∂g

∂v
(0, 1) = 1

4. př́ıklad

∫
cosxdx = sinx,

∫
cos2 xdx =

∫
1 + cos(2x)

2
dx =

x

2
+

sin(2x)

4

∫
cos3 xdx =

∫
cos2 x·cosxdx =

∫
(1−sin2 x)·cosxdx =

∫
(1−t2)dt = t−t3

3
= sinx−sin3 x

3∫
cosx+ cos2 x+ cos3 xdx =

x

2
+ 2 sinx+

sin(2x)

4
− sin3 x

3

π
2∫

0

cosx+ cos2 x+ cos3 xdx =
π

4
+ 2− 1

3
=

π

4
+

5

3


